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efinition) 6. Increasing and Decreasing i
Let.tHe function f be defined on an interval I.
isincreasing on I (also called strictly increasing) if, for x;, x; € I,

f(x1) < f(x;) whenever x, < x;

B e, N

Similarly, f is decreasing on I (also called strictly decreasing) if, for x;, x; € I,

f(xl.) > f(x2) whenever x, < x,

W—“N_—.—.‘.
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@ Increasing and Decreasing on < Closed Interval )
~Let the function f be continuous on the closed: interval [a, b] and differentiable

th interval (a,b). Th
on the open interval (a,b). Then

L Iff'(x) >0o0n(a, b)) then f is increasing on [a, b].
2. Iff'(x) <0 on (a,b), then f is decreasing on [a, b]. J

Theorem 2. Increasing and Decreasing on an Open Interval

Let the function f be differentiable on the open interval (a, b). Then

L Iff'(x) >0 on (a,b), then f is increasing on (a, b).

2. If f'(x) <0 on (a,b), then f is decreasing on (a, b). )

.
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Definitiory8. Concavity
unction E)Je dig@rentiable on the interval (a, b).

'Cx) = ;

L If f" is increasing on (a, b), then the graph of f is concave up on (a, b).

2. If " is decreasing on (a, b), then the graph of f is concave down oz (a, ly

\_ C.h"(y-)'-‘-":)

Example 25. When the ticket price is $40, the average attendance at the football game is 40,000 people.
It has been determined that for every $1 decrease in the ticket price, an additional 2000 people will
purchase tickets and attend the game. Under this arrangement, what price should be charged per ticket
to maximize the revenue for the university? How many fans will attend the game at this price? What is
the maximum revenue?
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Since r > 0 we consider only the positive root.

Ao

6

The second derivative V(r) = —67r is negative on the interval (0, o0). Since this interval is our
domain of interest, we can apply Theorem 1 to conclude that 7, is the only critical number of interest
and that it is the location of the global maximum. Hence the global maximum volume is

n=

3
1 A 1 A
Vmax = V(?’l) = —ﬂ(ﬁ)s + EAoﬁ = *TI( 6_7(1}') + EA 67'(;

Using this value we find the corresponding h, to be

2
Ay - 2m
= Ay 271} _ V \/ZAU \/2 24, \/4A0 , /ég-:Zr
: 271 2 3m 6 !
27 \/

Thus the volume of a cylinder is maxumzed for a fixed surface area when the height is twice the
radius.

Example 25. When the ticket price is $40, the average attendance at the football game is 40,000 people.
It has been determined that for every $1 decrease in the ticket price, an additional 2000 people will
purchase tickets and attend the game. Under this arrangement, what price should be charged per ticket
to maximize the revenue for the university? How many fans will attend the game at this price? What is
the maximum revenue?

Solution: We need to pick a variable. While the new ticket price and the number of attendees are
important items in this problem, let’s choose x to be the amount we will reduce the ticket price. Then
the new ticket price is 40 — x and the number of people attending is 40, 000 + 2, 000x. The revenue
R is the product of the ticket price and and the number of attendees.

R(x) = (40 - x)(40, 000 + 2000x)
To find the critical points we differentiate R, set R’ equal to zero, and solve for x.
R'(x) = —1(40, 000 -+ 2000x) + 2000(40 — x) = 40,000 - 4,000x = 0
x=10

Since R’ is continuous and has only one zero, we determine that it is positive on (—oo, 10) and negative
on (10, o) by evaluation at two points, say R’(0) = 40,000 and R’(11) = -4, 000. Hence by the first
derivative test we have the global maximum revenue when we reduce the price by $10. The price of
the ticket should be set at $40 — $10 = $30. The total attendance will be 40, 000 + 2000 - 10 = 60, 000
and the maximum revenue will be

R(10) = 30 60,000 = $1,800, 000.
The revenue when the ticket price is $40 is $1,600,000; so the increase in revenue would be $200,000.
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